In this paper we present for the first time examples of algebraic limit cycles and saddle loops of degree greater than 4 for planar quadratic systems. In particular, we give examples of algebraic limit cycles of degree 5 and 6, and algebraic saddle loops of degree 3 and 5 surrounding a strong focus. We also give an example of an invariant algebraic curve of degree 12 for which the quadratic system has no Darboux integrating factors or first integrals.
Introduction
We shall study polynomial differential systems in R 2 defined bẏ
where p, q are polynomials of degree 2, more explicitly p(x, y) = 
We shall call such differential systems quadratic systems. Mainly, we shall work with quadratic systems with p and q coprime. The object of our study will be the limit cycles of such systems, namely, algebraic limit cycles given by zeroes of some irreducible polynomial ϕ in the ring R[x, y], where
If the zero set of the invariant algebraic curve ϕ(x, y) = 0 has a nontrivial real branch then it gives an invariant curve of system (1) if and only if there exists a polynomial k = k(x, y) satisfying
The polynomial k is called a cofactor of the curve ϕ = 0. In case of quadratic systems the cofactor can be at most linear. A limit cycle which is also an irreducible invariant algebraic curve of degree n for system (1) is called an algebraic limit cycle of degree n. A similar definition also holds for algebraic saddle-loops. Until now only five different families of algebraic limit cycles for quadratic systems have been found: one of degree 2 in 1958 [11] , and four of degree 4 (Yablonskii [13] in 1966, Filiptsov [10] in 1973 and [2] in 2001). It is known that there are no algebraic limit cycles of degree 3, see Evdokimenco [7] [8] [9] from 1970 to 1979, or see Theorem 11 of [4] for a short proof. Recently, it has also been proved in [3] , that there are no other algebraic limit cycles of degree 4.
The question of whether quadratic systems can have algebraic limit cycles of higher degree has remained open since the first examples of algebraic limit cycles of degree 4 appeared in 1966 by Yablonskii [13] and in 1973 by Filiptsov [10] . In this paper we shall give explicit examples of algebraic limit cycles of degree 5 and 6 in Theorems 2 and 3.
In Theorem 5 we classify all the saddle-loops of degree 3 for quadratic systems which have a focus in their interior, and in Theorem 6 we show the existence of a saddle-loop of degree 5. Interestingly, this saddle-loop does not appear to be part of a larger family of algebraic limit cycles.
In the final section we provide an example of a quadratic system with an invariant algebraic curve of degree 12 which is not Darboux integrable (i.e., it has no Darboux integrating factors or first integrals; or, alternatively, it has no Liouvillian first integral). Until recently, the highest degree examples known of such curves was at most 8.
Algebraic limit cycles of degrees 5 and 6
The main idea used in this section is to apply a change of variables to a known quadratic system with an algebraic limit cycle, which preserves the degree of the system, but in-creases the degree of the invariant algebraic curve. In order to obtain that we also need to change the independent variable or the time of the system. For this purpose we use the birational transformation
after an appropriate translation. In fact, this transformation is an involution. If the system is of the forṁ
where the dot denotes derivative with respect to time t, then it is easy to see that applying the transformation X = x/y 2 , Y = 1/y, and doing the change of time dt = Y ds, the above system still remain in the class of quadratic systems; i.e., we get the system
here the prime denotes derivative with respect to time s.
As a simple example, we show that the example of Yablonskii with an algebraic limit cycle of degree 4 can be obtained from the well-known example of an algebraic limit cycle of degree 2 due to Yuan-Xun Qin [11] . Proposition 1. The system of Yablonskii,
with irreducible invariant algebraic curve
can be transformed to the system
with the invariant algebraic curve
using the transformation (x, y) → (1/x, y/x 2 ) and the change of time dt = X ds. The algebraic curves (7) and (8) both give limit cycles when abc = 0, a = b, ab > 0, and
, and the transformation maps the one limit cycle onto the other.
We now apply the transformation to the systeṁ
which has the invariant algebraic curve
which defines an algebraic limit cycle of degree 4 for 0 < a < 1/4. This is the system discovered by Chavarriga et al. [2, 3] . By first shifting one of the singular points of system (9) to the origin and then applying transformation (4) we get that the new system has the form (5).
Theorem 2. Systeṁ
has an irreducible algebraic invariant curve of degree 5 given by
For α ∈ (3 √ 7/2, 4) the curve (12) contains an algebraic limit cycle of degree 5.
Proof. Let a = 16 − α 2 . When we make the change of coordinates
multiply by v, and replace (u, v) again with (x, y), system (9) becomes (11) . The curve (12) is obtained from (10) by means of the same change of coordinates and multiplication by v 6 . The irreducibility of (12) follows from the irreducibility of (10). Since the curve (10) contains an algebraic limit cycle for a ∈ (0, 1/4), one may easily check, that the above oval does not intersect the singular line of the transformation (13), so the theorem follows. 2 By changing coordinates to a different singular point and applying a linear transformation which preserves the form (5) we obtain the following Theorem 3. Systeṁ
has an irreducible algebraic invariant curve of degree 6 given by
For β ∈ (3/2, 2) the curve (15) contains an algebraic limit cycle of degree 6.
Proof. Let a = (4 − β 2 )/7. When we make the change of coordinates
multiply by −21βu/2, and replace (u, v) again with (x, y), system (9) becomes (14). The curve (15) is obtained from (10) by means of the same change of coordinates and multiplication by 2016β 2 (β 2 − 4) 2 u 6 . The irreducibility of (12) is now obvious.
Since the curve (10) contains an algebraic limit cycle for a ∈ (0, 1/4), the theorem follows in a way similar to the last part of Theorem 2. 2 Open question 1. Does there exist a chain of rational transformations (as, for instance, (x, y) → (x/y 2 , 1/y) with dt = y ds, or (x, y) → (1/x, y/x 2 ) with dt = x ds) which give examples of quadratic polynomial systems with algebraic limit cycles of arbitrary degree?
Invariant algebraic separatrix saddle-loops of degrees 3 and 5 surrounding a focus
When the system is integrable it is easy to find examples of a period annulus whose boundary is given by an algebraic saddle-loop. We are only interested in the case where the saddle-loop has a focus in its interior.
In this section, we classify all saddle-loops situated on invariant cubic curves surrounding a focus, and give an example of degree 5. We shall use the following classification. (iv) f (x, y) = y 2 + x 3 anḋ 
Theorem 4 [1, Theorem 8]. A quadratic system (1) which has an irreducible cubic invariant curve f (x, y) = 0 is affine-equivalent, scaling the variable t, if necessary, to one of the following systems:
(vii) f (x, y) = 1 + xy + x 3 anḋ x = 3a 11 + a 10 x + a 20 x 2 + a 11 xy, y = 3a 20 − 9a 11 x − a 10 y − 3a 10 x 2 + 2a 20 xy + 2a 11 y 2 . (xi) f (x, y) = ∓x 2 + y 2 + x 2 y anḋ 
In order to simplify the notation we shall use different symbols for the parameters than the ones used in Theorem 4.
Theorem 5. A quadratic system (1) which has an irreducible cubic algebraic invariant curve which contains a saddle-loop is affine-equivalent, scaling the variable t if necessary, to one of the following systems:
(a) The systeṁ
with invariant curve 
This is system (xiii) of Theorem 4 with a 20 and b 11 replaced by A and B, respectively.
Proof. Systems (i), (ii) and (xii) of previous theorem are Hamiltonian, and system (iii) has a rational first integral. The curves appearing in systems (vi)-(x) are linear in y. The curves in systems (iv) and (xiv) have a cusp. Finally one may check, that the curve of system (xi) does not contain loops. This leaves us with the two cases (v) and (xiii) to consider. Consider first system (v): in order that our curve contains a loop we must choose f (x, y) = x 2 − y 2 + x 3 in this system. Then, the field has four singular points p 0 = (0, 0), p 1 = (−2(A + B)/(3A) , 2b/(9A)), p 3 and p 4 .
The point p 0 is located at the multiple point of the curve, and condition (a.1) implies that it is a saddle. The points p 2 and p 3 also lie on the invariant curve, and the condition (a.2) guarantees that they do not lie on the loop of the curve.
For system (xiii) the field has four singular points (taking into account their multiplicities), two of which are located on the invariant algebraic curve, namely
The other two singular points remain outside the curve, or coincide with one of the first two. Proof. From the expression for ϕ, we see that it is quadratic in y. A tedious calculation shows that the discriminant of this quadratic is a polynomial ∆ of degree 6 in x. After the substitution
, where Q 3 is a polynomial of degree 3, and
It can be shown that this expression is nonzero for f 2 = 1, and hence the discriminant cannot be a square, and so ϕ is irreducible for f ∈ (−11/ √ 13, −3). The system has four singular points, p 0 located at the origin, and three others belonging to the curve ϕ = 0. For f = −3 the origin undergoes a bifurcation, and is a focus for f ∈ (−53/17, −3). The analysis of the phase portrait show us, that for f ∈ (−11/ √ 13, −3) the curve ϕ = 0 contains a saddle-loop surrounding p 0 . For f = −11/ √ 13 two singular points lying on the curve, the saddle and the node coincide and a saddle-node bifurcation takes place. For smaller f there appears a singular point (saddle) on the part of the loop surrounding the origin, and the double point of our curve is a node. 2
Higher degree invariant algebraic curves without Liouvillian integrability
We now give an example of a quadratic system with an invariant algebraic curve of degree 12 which is not Liouvillian integrable.
The example we give is surprisingly simple: take the systeṁ This is an irreducible curve (over C) of genus one, with cofactor 12(x + y).
We shall show that the system has no other invariant algebraic curves or exponential factors. It therefore follows that there can be no Darboux integrating factor and hence the system is not Liouvillian integrable (see Singer [12] ).
We note that the system is symmetric under the transformation
There are two pairs of singular points, one pair at P ± = (∓1, ±2) with eigenvalues 6 ± 3i √ 2 and −6 ± 3i √ 2, respectively. The other pair of singular points are at
, respectively. The curve f = 0 passes through all of these singular points.
Suppose g = 0 describes another algebraic curve of the system. Since f = 0 is given by real coefficients and P ± are real singular points of focal type, f must vanish on both of the separatrices of P ± . Thus, g = 0 has no branches which pass through the points P ± . In this case, the cofactor of g must pass through P ± , and hence is of the form k(2x + y). Clearly, k cannot be zero, as g would be a first integral of the system and there would be no singular points of focal type in the finite plane. Now consider the singular point Q + , since the ratio of eigenvalues is 2/9, the singular point is linearizable. Thus, there are local coordinates X and Y which vanish along the separatrices of Q + and satisfẏ
If the function g expressed in X and Y has a term (not necessarily unique) of lowest degree X m Y n , then the value of the cofactor of g at Q + must be (3i √ 2 )m + (27i √ 2/2)n, and hence
Thus, k is a positive rational number. We now consider the behavior of g at infinity. It is well known that the factors of the highest order terms of g are just the factors of xẏ − yẋ. These factors are x, d 1 = 81x + y − 5y √ 13 and d 2 = 81x + y + 5y √ 13, which contribute to the highest degree terms of the cofactor the terms x + y, ( 
Since k is rational, we see that we must have β = γ from the terms in x in the equation above. However, this gives
and so, k = −5β 0. This contradicts the positivity of k. Hence there are no other algebraic curves for the system. To complete the proof we must show that there are also no exponential factors. Recall that an exponential factor is a function of the form E = exp(D/C), where D and C are polynomials with no common factors, which satisfiesĖ = EM, for some polynomial M of degree less than the degree of the system, for more details see [5, 6] . It turns out that C = 0 must be an invariant algebraic curve in this case, and that, if L is the cofactor of C, thenḊ
From what we have said above, the denominator, C, must be a power of f , say f N . If we consider the point P + , then this is linearizable, and so there exist local coordinates W and Z such thaṫ 
where L and M can be expressed as power series in W and Z. However, we know that about P + , L = 12N + O(W, Z), and so, if N > 0, there can be no terms in D with i or j less than N , and hence C divides D locally, and hence globally. Thus, the denominator C can only be the trivial power of f 0 = 1 and L = 0, and (19) givesḊ = M with M of degree one. Considering the highest order terms ofḊ, we find (as above) that the highest order terms of D must then be expressible as xαdβ 1 dγ 2 and α(x + y) +β (1 + 5 √ 13 )x/2 + 3y +γ (1 − 5 √ 13 )x/2 + 3y = 0, whenceα =β =γ = 0. Thus there are no exponential factors and the system is not Liouvillian integrable. We remark that similar systems to the ones above have been found by Chavarriga and Llibre with algebraic curves of degree 6 and 8.
Open question 2. Does there exist quadratic systems with invariant algebraic curves of arbitrarily large degree which are not Liouvillian integrable? Could such examples be realized in the class of quadratic systems with no linear terms?
